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0. A bit of history




ep scattering = proton seems to have internal structure
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A proton extends as exp(- r/1y); t, ~ 1 fm
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Form factor

Q2
YYE

e

e = [142(1 + 7) tan? 5]_1

T

do  (do o T 9 1
Q (dQ)M 8 [GE+ eGM} (1+47)

Mott scattering (point particle)

dipole: F(¢*) =

(E) S. Hashimoto (KEK)

Form factors
(representing the internal structure)

2
= 0M|F(Q)‘2

0'(96) = oM |/p(7:>62§Fd377

1

SR =TI p(r) ~ exp(—r/ro)
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Generates resonances at higher energies: ep 2 eX

- W:invariant mass of produced particles
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Again, suggests some internal structures
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At higher energies, electron looks like
hitting a free “parton” inside proton.

E : ?w-z&vﬁ
- W36 Deep Inelastic Scattering (DIS)
Friedman, Kendall, Taylor (1969)
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At higher energies, electron looks like
hitting a free “parton” inside proton.

Fy==x Z e” q(x)
q

10 T Y | I

Nl )

08}

parton distribution function
(PDF) =

probability to find a quark q in
nucleon with momentum fraction x.

Each parton carries roughly 1/3 of proton’s
momentum.
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Quark model Gell-Mann, Zweig (1964)

Okay. There are three quarks inside. up or down
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Can explain the baryon spectrum.
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Quark model

Need to have three internal degrees of freedom
= color

Omega-minus
| S S baryon
S Mass = 1672 MeV/c?

gz- S ="strange" quark 13 &

Otherwise, forbidden by Pauli’s exclusion principle.
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Quarks

Requirements:

1. have fractional charge +2/3 e, -1/3 e
2. have internal degrees of freedom (=3)
3. may not appear as an isolated particle

4. (at high energy) behave as a free particle inside a proton

Model (or dynamics) to fulfill all of these = QCD
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1. Properties of
Quantum Chromodynamics

(QCD)

Perturbation theory, Renormalization group,
Quark confinement, Spontaneous symmetry breaking
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Dirac equation

QED “ling A |- _
(for electron) ()f (lhaM C M) mc)w X
QCD (y“ (ié)u —gAM)—mc)z/J=O

(for quark)

3x3 matrix  three degrees of freedom
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Maxwell’s equation

QED Fpy=0,4,-9,4,
(for photon) 3, F" =j", gﬂvp"au F,=0

QCD F = aMAV — aVAM + ig[AM,AV]

uv

for gluon : v v Voo :
(for g ) (0, +igA F* =j", ", +igA)F,, =0

gauge field itself plays the role of a source
=non-linear equation
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Coulomb potential

Simply, a sum of two sources = linear
Not the case for QCD!
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Perturbation theory

* Non-linear system cannot be solved analytically (in
general).

 Use the perturbation theory. What is it?

o In the language of canonical quantization (= second
quantization), only the free field can be solved easily. Equivalent
to the harmonic oscillator:

~D 2 1
H= meer;u 22 = hw (&T&+§)

o Other operators are treated as a perturbation. The eigenvalues
and wave functions are expanded in powers of A.

0H = \i?
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Perturbation theory

* Non-linear system cannot be solved analytically (in
general).

 Use the perturbation theory. What is it?

o In the language of path-integral quantization, only the Gaussian
integral can be calculated analytically. Others are estimated by
an expansion.

/ dr e—%aﬂ_)\m‘l _ / dr 6_%;32 (1 )\t 4 .. )

— 00 — OO0

o Can be reduced to the Gaussian integral.
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Quantum “fields”

1, 2, 3 for Quantum Field Theory
1

= 2_m_22
L= (0u0)° - -0

1. Reinterpret “¢” as “x” in Quantum Mechanics

o Commutation relation

2. Fourier transform

o The system becomes a set of independent harmonic oscillator
for each momentum mode.

3. Solve the harmonic oscillator

o EHigenstates 10>, 1>, [2>, ... for each momentum mode = the
number of “particles”

(E) S. Hashimoto (KEK) Sep 2016 20



Perturbation theory

* Based on the states identified in the free theory, calculate

<p,17p,27 . -}’Cint|p1\7p27 . >

A 1 “particle” in the
momentum mode p;

* Feynman rules: easy book-keeping device
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QCD perturbation theory

* A lot more complicated, due to...
o Extra gauge degrees of freedom. Gauge fixing is necessary.
o Fadeev-Popov ghosts for non-Abelian gauge fields.

* Divergences appear. Need “renormalization”. Before

doing that, need “regularization”.
* (perturbative) “renormalizability”

* We don’t want to go through these. Forget about
everything, and jump to the consequences.

(E) S. Hashimoto (KEK) Sep 2016
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Anti-screening

Try to measure the coupling constant...

(R)
+ \ R B
€ A (G (R}
) RA
- | LN
et et .:(_;-l"[ -._E;} G
e e - --._____@____..""'x
(@)

Vacuum polarization
weakens the EM charge
at long distances

(E) S. Hashimoto (KEK)

the color charge

Self-interaction enhances

Sep 2016
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Renormalization group

* Scattering amplitude

o A function of external momenta, coupling constants
and a cutoff.

A(s,tu; g0, A)

o Require that the scattering amplitude does not
depend on A. Tune the coupling constants.

A(S,t,u;gg,A) = A(S,t,u;g'g,A')

o Coupling constant is determined as a function of A.
Input the experimental number at one point of A.

g2(A) : “running coupling constant”
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Renormalization group

* Two interpretations
o g%(A): bare coupling is determined as a function of the cutoff.

o g*(u): renormalized coupling is determined depending on the
scale of the physical process.

A(s,tu3 8, ,A) | =4,

s=t=u=u2

(tree level amplitude on the RHS) and remove A in favor of g,2.

- o (u) Must be irlldependent of u

4= ( |
2

2 2 2
g’ (1 +cg’ ln%) =g’ (1 +cg’ ln%)(l +cg’ ln%) = gz(u)(l +cg’ ln%)

2
g’ (1 +cg’In A—z)
q
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Must be independent of u

A2
g’ (1 +cg’ ln?) =g’ (u)

q =u

2 2 2 2
g’ (1 +cg’ lnA—z) =g (1 +cg’ lnA—z)(l +cg’ lnM—Z) = gz(u)(l +cg’ ln‘u—z)
q u q q

But, the whole thing
depends on q.

= running coupling

The term like In(q%/u?) vanishes when g?=u?, and (one may
hope that) the perturbative expansion converges better.
Better to choose u close to the external momenta rather than

taking arbitrarily.
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Renormalization group

* u-dependence of the coupling constant
47 128 In[In(z’ / A*)] s
Boln(i? I ALp) | By In(u?/A%)

o Aqcp is called the QCD scale. It depends on the renormalization
scheme (the way to remove A).

a,(u) =

* obtained from the Renormalization Group Equation

0 das O
(M@ + i 8%) R(p,as) =0
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Running coupling

* Confirmed in the physical processes.

R,

q(e*e‘ —3- jets)\

O(e+e‘ — hadrons)

=Ca,(u’)+...

(E) S. Hashimoto (KEK)

R; (Yot = 0.08) [%]
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Running coupling

Ocuber 2015

v Tdecays (N3LO)

a DIS jets (NLO)

0 Heavy Quarkonia (NLO)

o ¢'¢ jets & shapes (res. NNLO)
-

v

o (Q?)

03}
e.w. precision fits (NNLO)
PP —> jets (NLO)

v Pp —> tt (NNLO)

0.2}

0.1}

= QCD 0(M,) = 0.1181 + 0.0013

10 Q [GeV] 100 1000
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More tests of QCD

* Including 4 jets
o Sensitivity to the 3-gluon vertex
o Can test the group structure: SU(3) or not

LI S B B B S B N S B B S NN B S B B B B B S B B

2 _ w5 b "
C,=N=3,C, = N—l = i [ [J Combined result ~¢
2N 3 > [ * SUQ3) QCD ’
I sv M) AN o, -
/ \D:;;ﬁ :
2 DV 1
LT " OPAL 4-jet
CF — Event Shape
1 L AtEPH4Ge -/
m st
0.5 AE— ua?
Plots from Bethke, Prog Part Nucl Phys [ o P
58 (2007) 351. 0 O
0 1 2 3 4 5
('A
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Going to low energies

Coupling constant grows. Is that the only problem?

 Perturbative expansion fails to converge. No such thing
as the quark pole mass.

~ [ PO B Gl )Y

o Higher order terms are increasingly more important.
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Going to low energies

Coupling constant grows. Is that the only problem?

* Non-perturbative configurations, such as instantons =
topological excitation

2 2
E+B

o Cannot be written by a superposition of plane-waves.

o Associate fermion zero-modes are essential for chiral symmetry
breaking.
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Quark confinement

Isolated quarks can never be observed.

|-(

>
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Quark confinement

V(r) ,
Linear

= flux tube

Perturbative

Non — perturbative
/__-\\ on — perturbative
0=—=-0 0 O

—

I 4

Coulomb

|

More details after the introduction
of lattice.
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Chiral symmetry breaking

* Chiral symmetry
o Symmetry under oY =iayy., oY =iayy

o Massless Lagrangian is invariant
S = [ d*x[ (o)1, 3,900+ mipe(x)]

o Fermion field can be decomposed into R and L

_1"'75 _1_?/5
Z/JR_ 9 l/j,’l/JL— 9

Y

o chiral rotationis oY, =iy ,, oY, =-iay,

(E) S. Hashimoto (KEK) Sep 2016
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Chiral symmetry breaking

* Gauge interaction preserves chiral symmetry.

?/—JR)/MDM?/JR + ?/—ij‘uD‘qu

o No right-handed quarks can change to left-handed by emitting a

gluon.
L éﬁé@:ﬁbﬁ% L

* Mass term breaks chiral symmetry.

m (l/_jLwR + Ule/JL)

o Chiral symmetry breaking = mass generation.
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Chiral symmetry breaking

* Then, how can the mass be generated?
o triggered by a small mass term?

Lgﬁgi%%R

L R

o Or, spontaneous... vacuum expectation value

<1/_JI/J> =0

due to non-perturbative effect. There is a class of background
gauge field (instantons) that connects L and R.

Some details after the introduction
of lattice.

(E) S. Hashimoto (KEK) Sep 2016 37



2. Lattice gauge theory

2.1 The basics

lattice, gauge symmetry, inputs

(E) S. Hashimoto (KEK) Sep 2016 38



Goal

* QCD becomes non-perturbative at low energies.
Perturbation theory cannot reveal the important part of
the hadronic phenomena.

o hadron masses, interactions, ...

* Try to construct a framework that enables fully non-
perturbative calculation.
o One may introduce numerical methods.

o No obvious way to introduce the momentum cutoff that fully
respects gauge invariance.

o Go back to the coordinate space = Lattice gauge theory.
Wilson (1974)
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QCD Lagrangian

« SU(3) gauge theory

plus, quarks (up, down, strange, ...)

1 _
S = fd4x{4TrFM2v +wa(D+mf)zpf},

Z = [1d4,]] [[dwlldy] exp|-S|

f
° . a _ a a abc Ab 4 c
Field strength  F;, =9 ,A; -0 A +g f"A A
D,=0,-igT"A,

Non-Abelian nature

e Redefine on a 4D lattice
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The lattice

4D Lattice
» of size (L/a)’>x(T/a), typically 32°x64 or 64°x128.
* lattice spacing determined later.

lattice size
(_ >

B gluon field Au(x) — UM(ZU)

— ~ quark field w ( x)

lattice spacing
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Gauge invariance

Gauge symmetry
* invariance under local SU(3) transformation
* guaranteed by introducing “link variables” (gauge field)

8 8
P (x) w(x+ Q)

PO ) VO, (e @) Vs s+ )

U,(x)=exp [igaAﬂ (x)] =1+igad, (x)+...

A4,(x) =V (x) [AM (x) + iaﬂ ] VT(x)
g
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Gauge field

* Built in the gauge link

o SU(3) matrices

U, (x)= exp[igaAM (x)] =1+igad, (x)+...

o Gauge invariance guaranteed by connecting them.

X+V

X

X+ L+

&S

%7

&3

(E) S. Hashimoto (KEK)

&3,
X+ U

~

~

Tr|e

=Tr[1]

Tr [Uﬂ ()U, (x+ @)U (x +V)U] (x)]

[ igad, eiga(Av +ad , 4, )e—iga(AM +ad, 4, )e—igaAV ]

Tr | eigaz(aﬂAv—avAu)—gzaZ[Aﬂ,Av]] - Tr [ 89 Fu ]

—%g a4Tr[F2 ]
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Gauge action

Should go back to the continuum, by taking a=>0

D)

X U<v

—q EEReTr[ W]

- fa'x (£ )

* Coupling constant 3 = 6/g>

o Corresponds to 1/kT in the statistical model.

l—éReTr [U )U, (x + M)UT(X +v)UT(x)]]

(E) S. Hashimoto (KEK) Sep 2016
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Partition function

* Integrate over SU(3) variables U, rather than A

Z=[[au,]
f

|ldwlldp] exp|-S, - [d*x Y ¢ (DU+m )y,
S

- [1av,]

_det(D[U] + mf)exp[—Sg]

5

* Fermion fields are anti-commuting, giving the
determinant when integrated out

(E) S. Hashimoto (KEK)
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Heavy quark potential

* Gedanken-experiment

o Energy for the system that heavy quark and anti-quark are put
with a separation R ?

o Amplitude
(00]¢7(00) - 5 [, e

-S+ig Sﬁc dquu

o Potential

V(R) = —;im%ln <§ Tr PeigSﬁch"A"> T

P stands for the “path ordering”
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Heavy quark potential

* In the lattice theory,
o Given by a product of gauge links.

{11
) f[dUﬂ](HCU)e‘S

f[dUM] e’

= “Wilson loop”

o Integral over SU(N) for each gauge links
= Integral over “gauge configurations”

(E) S. Hashimoto (KEK)
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Strong coupling expansion

* An expansion around p=6/g? =0
o Boltzman factor

oS = Hpe—/o’Tr[UUUU] ~ Hp[l _ ﬂTI‘[UUUU]]

= No weight in the =0 limit, completely random.

o Formulae

[laul=1, [laUlfU)= [[dU1fUL),

[lavju, =0, [ldaUlU U] = %(Sﬂéﬂ{

* vanishes when only one U appears; non-zero when a pair of U and
U* appears.
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Wilson loop

e Pull down P’s from the action so
that U and U" makes a pair.

o))

o Area law of the Wilson loop

 Potential
V(R)=0R, o~In(g’N)

o proportional to the distance =
confinement

EEENNNN
L
-- | I I I I I
EEENENN
EEEEENN

o consequence of the random gauge

configurations.
= Understanding of confinement
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What is g2?

 This is not the end of the story of confinement.

o The coupling constant g? is the bare value. It goes to zero in the
continuum limit (see below). Strong coupling expansion is not
applicable.

o Numerical study of the Wilson loop at weak couplings.

* Linear-rising potential is certainly obtained.

PACS-CS (2008) S JLQCD (2006)

V() . ‘ o i

AAAAAAAAAAAAAAAAAAAAAAAAAAAA
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What is g2?

* Pick a value of =6/g2,
then ...?
= again, the question of
renormalization group

9°(a)

* Determined with some
input, such as the string
tension o ~ (440 MeV)>2.

o could be any other
(dimensionful) quantities

(E) S. Hashimoto (KEK)

[V(r)-V(rg)l 1o

-
T

slope corresponds
to the string tension
V=0oR

Sep 2016
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What is g2?

1. Pick a value of [3=6/g?
Input a physical quantity

0.2

*(a)

015

3. Should depend on a
according to RG

a(fm)

01

dog

dp Booig + frog + -+ e

Blas) = —p

4. Take the continuum limit B
a=cof(g°)(1 +ea(g)’), alg)’ = R =1

1 11 102
2) = (byg?)b1/2%5 — by = by =
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2. Lattice gauge theory

2.2 Fermions

Doubling, chiral symmetry
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Naive discretization

e Continuum fermion action
S = f d'x [1/7(36)7’#0#(36) +m1/7(x)1//(X)]

o Replace the derivative by a discrete difference

S =a* Y Py A () +aty mPoy(x),

1 . .
Ay ) =—(pr+ ) -y (x-)
o Easy to make it gauge invariant

AW = (U, @) =U] (x- (- )

@ S. Hashimoto (KEK)
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Propagator

* Free field propagator

| —ZE)/H sin(ak ) +m
S(k) = a -

l . B 1 ) 2
a;;/ﬂsm(akﬂ)+m azgsm (ak,)+m

o Physical mode is at k~(0,0,0,0), but other modes at k~(st/4,0,0,0),
(0, 7/a,0,0), (w/a, 7t/a,0,0) all contribute to the propagation. There
are 24 =16 modes.

o Each pole corresponds to a continuum fermion propagator

— iy (4)
m—iy,”p T
S(k) — — +ﬂp2 “ k= D, y) =y, cosm,”
* 7, stands for each pole: /K
+1

7% =(0,0,0,0), 7" = (,0,0,0), ...

(123) (1234)

7" =(x,7,0,0),.... 7

(E) S. Hashimoto (KEK) Sep 2016
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Doubler

« All are equivalent
o Unitary transformation (redefine the fermion field)

(S =11,5,.5,5,.5,5,5,.5.5,55,}. 8, =i7,7,

p-o27 pTo07T?

gives

~Vu (u=p)

Sty § =
PV {ﬂfp (u=p)

* Naive lattice fermion leads to 16 equivalent continuum
fermions.

o Can we simply ignore? No! (B) (A)
50000 (0000
(A) ( )\,p 2016 26
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What we are going to observe

 Naive fermion has doublers. What to do?

o Remove doublers, while breaking chiral symmetry = Wilson
fermion

o Live with doublers = staggered fermion

o Remove doublers, while having a modified chiral symmetry =
Ginsparg-Wilson fermions

o Situation is summarized by the Nielsen-Ninomiya theorem.

o Cannot win the both (no doubler and chiral symmetry) to have
the correct axial anomaly.
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Wilson fermion

* Add a mass term of O(1/a) to the doublers

m}j PO (x) = mZ@F(x)w(x) + "7 }j 0 F(x)d (%)

=S P )+ 5 s+ =70 (0 + ) ()

v 4

=(:w%)}szﬁ(x)w(X)—éE(l/?(Hﬂ)i//(X)+1/7(x)l//(X+ﬂ))

X,

£/ V44 I/'
o “mass” term m+—2(1—coskﬂa)
a
U

r
m =m+2n,—

a

o doubler masses
* n, is the number of “nt”
* decouple in the continuum limit.

(E) S. Hashimoto (KEK) Sep 2016
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Wilson fermion

e The entire action
r=v., r+

S=—2[w<x> Ty e i)+ )

X, U

£ wm] M ST )

o M =ma+4r

* Then re-normalize
S = DT =& 3 [P (r=7, Jpa+ @)+ P+ D(r+7, Jp@)]

o k=1/2M
o massless limit: k—x_=1/8r

* Chiral symmetry is lost. W —>expliays )y, P — 1y expliay;)

o Wilson term remains even at m=0.
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Problem of the Wilson fermion

* Chiral symmetry is recovered in the continuum limit.
What is the problem, then?
o Non-exact symmetry may be badly violated by quantum effect.
o Ex.) Fermion self-energy

1 <=ty k,)
« Continuum f d’ k ! };2! wa =( gﬁ%

. 1y, (=iy k)., — 1.
+ Naive Ja'k S y Ve k, =—sin(ak,)
a
y m+rl€2—iy k }y
« Wilson ey 1 2 S o 1 2rk’
f o 2 ' ﬁf kz P2
" o+ k° (k )’

[m+ k*
2
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Problem of the Wilson fermion

e There is an additive mass renormalization

1
om=a, —
a

o Divergent in the continuum limit. Also in the higher order
terms.
* How to define the quark mass?

o One should decide some definition and measure it.
e GMOR relation
* Ward-Takahashi identity

o Not unique.
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Problem of the Wilson fermion

* Ward-Takahashi identity
d,A4,(x)=2m P"(x)

o Not satisfied for the Wilson fermion.
o Require it to be satisfied and determine the quark mass.

< 9, Aa(x)\Pa>
m
? <o\2Pa(x)\P“>

* May and does depend on |P) and x, but decide to use one. Should
converge in the continuum limit.
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Chiral limit

* Achieved by a parameter tuning

006 r—T—T—T7—T 1
104 m, i
GMOR p
mn2~mq \”:L\ / 4
— A4 P*)
0.00 Q - ‘" <0|2P“(x) Pa>
5 ‘l‘ ‘ ‘ljuy‘ L .6.f=l o ‘l o L= i3
1/(2ZK)
4+ma

Looks like vanishing at the same point. This corresponds to the
“chiral” limit. Could become a problem for precise calculations
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Staggered fermion

= Essentially the same as the naive fermion.

* There are doublers.

o The number is reduced to 4 by eliminating redundant copies.
The remaining 4 are intertwined.

o Let’s interpret them as up, down, strange and charm... Possible
but too complicated. (Need non-degenerate masses. Intrinsic
flavor-changing currents cause a lot of troubles.

o Reduce by “hand”... =rooting.
Or, introduce a fourth-root of
x 1/4 the fermion determinant.

Uncontrolled error may be
induced.
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(Rooted) staggered okay?

 Staggered fermion: 4 tastes per flavor, take a 4™-root.
o Tastes are mixed at finite 4. Rooting is non-trivial.

o Triggered (painful) debates for years... not completely settled.

* My position:

o No proof available, but probably okay in the continuum limit.

o Practical issue = Are we close enough to continuum?

o May depend on the quantity of interest (again). (Worst) Ex:
* Typical size of violation: a?A3 ~ 10 MeV (when 1/a=2 GeV)
* Lowest-lying Dirac eigenvalue: 3/2V ~ 3 MeV (for V=(3 fm)%).

Low-modes are largely distorted. Effects on (many) physical
quantities are non-trivial. Probably largest for pions.
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Taste violation

* Seen in the data

From MILC (2007)

0.1 0.2
2m, Iy

(E) S. Hashimoto (KEK)

—IIII

0.01 44

T llllllll

T T IIIIIII

0.25 fm. |
i 0.18 fm T
— 2 fm : 3 —
: . 3 a ~0.09 fm:
C 0]
i 000 tm s When m_=135 MeV,
- o heaviest “pion” is
L 0.06 tm * . — | 320 MeV.
- m g ]
N @ 2
: / * o a ~0.06 fm:
| | | 0 mos | Reduced down to
0.1 ll Illlll1 - III“;.O 210Mev

a,® a® (arb units)

For HISQ, ~ 1/3 of the above.
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Modified chiral symmetry

* Nielsen-Ninomiya no-go theorem
o No way to realize lattice chiral symmetry and non-doubling.

o Indeed, this is necessary to realize the axial anomaly..., a deeper
theoretical question.

* Modity the “chiral symmetry” on the lattice
5P =icip|1--LDly, dw=iay.|1--2D |y
20" )" ST

o Go back to the ordinary definition at a = 0.
o Related to the domain-wall and overlap fermions.
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Domain-wall fermion

* Defined on 5D space
o gauge field in the 5" direction is trivial.
o design a mass term such that

.15((]_)’.:

@ S. Hashimoto (KEK) Sep 2016
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DW/OV fermions

* Exact (but modified) chiral symmetry at finite a (in the
limit of L, = o)
o Property of the Ginsparg-Wilson fermions that satisty

a
Dy . +y.D= ;DySD

o Ward-Takahashi identities are the same as in the continuum.
o Axial-anomaly is reproduced.

* Drawback = numerical cost
o 5D implementation.
o Or, numerical approximation of sign function.
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2. Lattice gauge theory

2.3 Computations

Path integral, Observables
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Path integral formulation

* Actual calculation needs the path integral quantization

Evolution of a state:

1
exp (ES(I,'. :z‘f)>

Sum the amplitudes
corresponding to all
possible paths.

X
Classical particle quantum particle
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Path integral formulation

* In quantum “field” theory, it is a sum over all possible

fields:
~ y ’7
7 Z=[ldgle®; S= [d'xL
._,'// e
. . ~+ Thereis an “amplitude” e® for
& N ' B each field “configuration”
J T §  Sum the amplitudes over all
7 £ T =Y possible configurations.
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Okay, let’s carry out!

* Sounds easy?
o Super-multiple integral..., actually infinitely many!

7 = f[dq/)]eis; S = fd4x£

* Possible when the integral is known = Gaussian
o Free field theory: § ~ ¢2

o Expansion around this simplest case = perturbation theory
o Good approximation if the reality is sufficiently “free”.

(E) S. Hashimoto (KEK) Sep 2016
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What is perturbation theory?

e Reduces to harmonic oscillator:

o When the potential is complicated, try to expand around its
bottom.

V(d)

o Good approximation if the field actually fluctuates around there.
o If the fluctuation is bigger..., no way.
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What is the vacuum?

. In QED,
o F,,=0is the vacuum.
o Photon is an excitation from there.

 In QCD,

o More fluctuations. The vacuum is determined as the minimum
of the “effective action”, which is the free energy in the language
of statistical mechanics.

o But, not completely random either.
o Particles represent the excitations on this “vacuum”.
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Correspondence

Statistical mechanics Quantum field theory
* partition function; * partition function;
Hamiltonian action

Z=[ldple""; H~ [dxH Z = [ldgle"; S = [d'xL

o After the Wick rotation, it
is made Euclidean

Z=[ldple™; S, = [d'xL

(E) S. Hashimoto (KEK) Sep 2016 77



Monte Carlo: a simple example

Ising model

Z=Eexp[—H{sl.}/T], H{s}=-J E 8

{s;} {i,j}En.n.

How does the spontaneous magnetization emerge?

01 T T T T
’ "hist.dat" ——

| H M” \'
W'\ M! Mh

MeE2e Mw "*"‘MM ki s
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Monte Carlo method

Basic idea:

Z=Eexp[—H{Si}/T], H{s}=-J E 88

{s:} {i,j}&€n.n.

e The number of terms = 2(2L?). For L=100, it is
220000~10290, Tmpossible.

* Only some limited terms contribute to the sum:
o T=0: only those giving the minimum H{s,}.
o T =eo: completely random.

* Pickup the relevant configurations only = MC

(E) S. Hashimoto (KEK)
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Procedure

Without proof...

1. Starting from some initial config {s,}, generate the next
config {s;'} with rand.

2. Calculate the initial and final Hamiltonians H, H’

3. Metropolis accept/reject

1. If H'<H, accept the new config {s;’}

2. If H>H, accept with a probability exp(-(H'-H)/T)
4. Goto 1 and Repeat until stabilized.

o Expectation value <M> is obtained as an average over the configs
thus generated.
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| =] 2-d Ising Model |

quit || | |

heat antiperiodic

riEEELJ cool up boundary
down
beta=0,441 256 by 256 lattice Demo
i |

splns’

Tt “f T AR

’ r
.'.‘. A ‘ _. l‘ ”(I-| - -, g
= . 8 . “

xtoys: written by Mike Creutz

Can you tell
Magnetization?
Correlation length?
Their temperature dependence?

Sep 2016 81




Let’s go back to QCD

e Too hard to evaluate

o Determinant of a large matrix. Needs to obtain all the
eigenvalues ~ N°

det(D[UT+m) =] [(m+i2,[U])
k

e Rewrite in favor of bosons
non-local action

Z = [1dU1dex(D[UT+m)’e” /
- [1aUdgle™ ™" P < [[dUTdgle

-8, -[(D[U J+m)~' 9P

o Reduces to the problem of matrix inversion. Hard, but more
tractable.
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Matrix inversion

* Most time-consuming part in the LQCD calculations
(D[U 1+ m) x=>b

o D[U]: a 4D diffusion-like operator (typically nearest-neighbor)
o In some cases, use 5D implementation for theoretical virtue

* 4D lattices:
o Typical size: 64°x128 x3(color)x4(spinor) = 400 M
o 1 vector=7 GB

e Jterative solver:

o Conjugate Gradient (CG): typically 1,000-10,000 iterations per
solve
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Big computing

 Parallel computing

o Conceptually

straightforward. Each TN

node is responsible for a

small sub-lattice.

o Not “easy” in practice. ‘ ‘

* Code development

o CPS, Chroma, MILGC, ...

o QMP, QDP, QUDA, ... 0

o Bagel, BFM

o openQCD

o Bridge++, Iroiro++

@ S. Hashimoto (KEK) Sep 2016 84



Supercomputer

« K computer (RIKEN Kobe)
o Peak 11.3 Ptlops (2011~)
o Fujitsu SPARC64 VIIIfx

o General purpose (life, environment, material, etc). Running
QCD, too

o Next generation project (Flagship 2020) has been launched.
Aims at building a general purpose exascale machine by 2020.
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Supercomputer

e IBM Blue Gene /Q

o at LLNL, ANL, RIKEN/BNL,
Julich, CINECA, Edinburgh, KEK,
... are intensively used by LQCD.

.

e
KEEREET
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Blue Gene /Q

3. Compute Card Torus
One single chip module,

2 Module 16 GB DDR3 Memory
Single Chip
1. Chip N
16 cores Q ‘
5b. VO Drawer
8 /O Cards 6. Rack
8 PCle Gen2 slots 2 Midplanes

1, 2 or 4 VO Drawers

& -
16 Node Carcs —
'




QCD vacuum?

Accumulation of near-zero
eigenmodes of quarks leads
to

e Chiral condensate

(qq) =0

* Order parameter of the
spontaneous chiral
symmetry breaking.
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Dirac eigenmodes

 Eigen equation Du, = Au,

;
o Fermion propagator  §(x,y)=- U, (x)u/}t ()
m+

o Chiral condensate | )
_{Gq) = (d*xTr[S - - e
(a) =[x TS0 )= 3o 2 TA e

 Vanishes if m—0 is taken first. To obtain correctly, the limits must be
in the order of V—0 and m—0 (thermodynamical limit)

~(dg) = [d2 p(2)

2m . .
Vrm m0(0)  p(M): eigenvalue density

Banks-Casher relation « accumulation of low-lying modes
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Dirac spectrum

Eigenvalue distribution of [}

0.016

0.012

p(M) (GeVY)
(e}
=
f ; T :I T T T
I %

— am =0019 |
ud
i S amud=0.012 ]
0.004 am_=0.007 |
i — am_=0.0035 ]
O i | | | | | | | | | | | | | ]
0 0.04 0.08 0.12

A (GeV)

X =(270.0 £ 4.9 MeV)3
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Physical quantities

* Two-point correlation function
1
0:600)) = [HU 10 (xY0()e”

o Ex. Fermion bilinear
a a

P(x) = 7(x)7s %q(x), A°(x) = T(X)7,7s %q(x),

o Two point function contains the info of all the intermediate states

‘ a d*
(0[P (x)P"(1)|0) = [ (254;‘@

2 eip(X—y)

P*(0)| P (p))

(m™)* + p’

o No pole associated with the particle propagator exists on the
Euclidean lattice, but obtain it assuming analyticity.
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Ground state

* Rely on the analyticity

o Look at the time correlation after specifying the spatial
momentum.

+xla ¢ eipot 1 _
CO (1) ~ Py o E®)

~7la 2 m’ + p; +p° B 2E(p)

o The lowest energy states dominate at long separations.

01P< ) P ()’
festron- 5D o
0[P O P D) 0,
" 2E©(0) €

o Ground state energy (mass) and matrix element is obtained.

(E) Shoji Hashimoto (KEK) Sep 2011
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Calculation of the correlator

* Can be rewritten using the quark propagators:
(0:(0)0L.(»)) =(Tr[TS(x,y)I' S(y.x)])

o Quark propagator is obtained by solving Lo (r,: -
[D+m]S(x,y)=0,, | |
o One may also use the relation S(y,x) =7y SST (X, Y)Y«

* Connected two-point function (meson and baryon)
o Fermion matrix inversion for each component (3x4=12)
o Starts from a given point of space-time, and ends at any point.
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Operators

 Arbitrary as far as it has the same quantum number with
that of the particle of interest.

niatlp,  JPC I=1 1=1 1=0 =0

wd, 1 _'“z i ds f | ] |
178, pt T K 7 7 (858) ’Y 5
148, 1 p(770) K" (892) @(1020) w(T82) Yi
) 1+ b,{1235) Ky f;(1380) hq(1170)
1353 (1A ag(1450) K (1430) Sful(1710) fo(1370) I
137 1+ a1(1260) Ky f1(1420) f1(1285) Y5Yi

o In many cases, only the S wave states are considered. The P wave
states are very noisy.

o Spatially extended operators (smearing) is used to enhance the
ground state signal.
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Example

 Data look like this.

quencheas beta-5.85, 12x24, dconf uenched batast 85, 12x24, 4cont

10 - )
m=0,30
1% m=0.20
’ 1 - N m-O '0

7 Me0.075
10 = = ] L
53 -ty ¥ . aa ® o9 3 . < m=0.05
R g e L E N & _ ; m=0.03
o N e DA i ngk . T @ &
- M- - ©
5 e ” .
e N . .
2 y W D 08
= m-030 % 05 {
m«0.20 ., & J ‘ -
10" < m=0.10 S 0.4 i I -~ - ‘
- m=0.075 = a § 2 -
- m_,c. ob Qoa ’ f 1 "
< m=0.03 02 !
10 01 -
0 10 20 2 4 £ a 0 2
t t

Cit+1) L O
C()
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INPUT to LOQCD

Parameters in QCD
¢ Strong coupling constant o ()

o Fix the correspondence between the scale and coupling.

o [3is the relevant parameter to control the lattice spacing a.
* Light quark masses m ,, mg, m,

o up and down are often assumed to be degenerate.

o Tuned to reproduce 1 and K meson masses.

* Heavy quark masses m_, m,
o Usually not in the sea, but changing.
o Tuned to reproduce J/ip and Y masses.

All the other quantities are OUTPUT.

(E) S. Hashimoto (KEK) Sep 2016
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Hadron spectrum

2000 2008 2014
1] Bucapest-Marsallle-Wupperial collaboration | 10 |
' 50 i AT — experiment
l rum — 8- = e QCD+QED
1600.] hadron spectru Ei;_%: _ ™ (a= O predicton
4 = 3 L
— ] - 6 —
> _ . z dﬂ & > | AD
< 1000 SN = —
E’ y EK. s 41+
e a | AZ,
1 o —— experiment oL AN .
500+ K — width [ _d 5 |
: ° Input isospin breaking
]—T o —r -
0 § QCD |

Budapest-Marseille-Wuppertal collaboration, Science (2008, 2015)
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X. Low-energy QCD
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Chiral symmetry breaking

* In the QCD vacuum, chiral symmetry is broken.
o Flavor SU(3),xSU(3)rx — SU(3)y
o Non-zero chiral condensate <§ q>

o Nambu-Goldstone bosons (pion, kaon, n) nearly massless; in
practice massive due to non-zero m,.

* Flavor-singlet axial U(1) is special, due to anomaly. 1" is
substantially heavier.

o Other hadrons have a mass of O(Aqcp)

o Low energy effective theory for pions (and K, 1) can be
constructed = chiral perturbation theory (ChPT, xPT).

(E) S. Hashimoto (KEK) Sep 2016
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PCAC relation

 Partially Conserved Axial
Current (PCAC)

o From the QCD Lagrangian, o f, is called the pion decay

constant.
Aﬂ =uy,y s, o Can be measured from
9, 4" = (m, +m,)iyd the leptonic decay mn—uv.
f.. =131 MeV
o The axial current may annihilate | 115 analo ¢ for kaon is f}.
pion to the vacuum; Lorentz
fx =160 MeV

invariance restricts its form.

(04, (O)z(p)) =if.p,.
(0o, 4" Of(p)) = fmi:

d,A4"(x) = f.m2g_(x) ¢,(X): operator to create a pion.
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* Gell-Mann-Oakes-Renner (GMOR) relation (1968)
(m, +m, )<L_tu + c?d> =—f’m {1 + O(mfr)}

o Chiral symmetry is broken = Non-zero chiral condensate @ q >
o Pion mass squared is proportional to quark mass
mjzr = By(m, +m,)+ O(mj)
_-2qq)

2
T

o Also for kaons,

(m, +md)+0(m§)

m]2< = B,(m, +ms)+0(m§),m12<0 = B,(m, +ms)+0(m§),
1
= Ly, 4, )+ O

o Quark mass ratios can be predicted up to O(m,?).
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Chiral Lagrangian

* Low energy effective lagrangian is developed assuming
o Spontaneous breaking of chiral symmetry
o Pion (and kaon, eta) to be the Nambu-Goldston boson

* In the low energy regime, pions are the only relevant
dynamical degrees of freedom.

2

it a0+ ——7]q T K™

= V2
U—exp( f ) < x _% 0 & 7, KO
K~ K° 2

L =f—2Tr(D UD“UT)+§Tr(mUT +Unm'),
4 3 2

: : : ve'E
o Given by a non-linear sigma model.

o Provides a systematic expansion in terms of m_? p? the leading
order is given above.
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* Expansion in the pion field gives

1 2 2
L,=—9,7" 7" M gaga m”2 (°m)
2 2% f

r o, 2y o ) - (a7 Y@ 7 ) e

o Pion mass is obtained as m_*=2B,m
o A chain of interaction terms: 4m, 67, etc.

* Loop corrections are calculable.
o Pick up a factor of (m,, /4mnf)? or (p/4mf)?
o Counter terms must also be added at order (m_/4mf)? or (p/4mnf)?

* introduce the low energy constants (LECs): L,~L,, at the one-loop
level
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One-loop example

* Pion self-energy

. B 2
I 1 m

d*k 2 2
f ) 2 = 2 A +m”In 2 2
2x)" k" -m~  (4m) N +m
e m2 2 2

m
= ) ~ +y—-Indr+In— - 1) Dimensional reg

o Log dependence m?In(m?): called the chiral logarithm.

Cutoft regularization

o Comes from the infrared end of the integral = long distance
effect of (nearly massless) pion loop.

o Counter terms are necessary in order to renormalize the UV
divergence.
o After subtracting the UV divergences

1 2 2 2
m = 2Bym, |1+ — 7 7+ (const) x 4m” +O0(m})
7T

T
2

> In
24rf) u
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Counter terms

At the order (m, /4nf)? or (p/4nf)?, there are 10 possible
counter terms
o 10 new parameters, L,~L,, =low energy constant at NLO
c.f. 2 parameters at LO: X and f.

o Depends on how one renormalizes the UV divergence, just as in
the small coupling perturbation. L;~L;, depends on the
renormalization scale p.

o Once these parameters are determined (e.g. from pion scattering
data), one can predict other quantities.

o Lattice QCD may be used to calculate these parameters.
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TTt scattering

* ]=0 and 2 scattering length

o corresponding to the cross section.

o Derivative coupling gives the leading terms of order m_?
o Known to NNLO in xPT; needs the LECs

7M? OM2 Al
= 014 T |ln —2
32w F? ’

3272 F2 M2
M2 M2 A2,
a% = — G 1 — T ]p —2
167 F2 32m2F2 " M2

ag
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Quark mass ratio

* At NLO, the quark mass ratio is given as

2 2 2 2 2 2 8 5
m: o 2m, | 204xf) W 2@xf) u f

o Assumes that the isospin breaking m =m is negligible.

o Requires the knowledge of the NLO LEC 2L4-L..

o Results in m/m, =22~30 (PDG 2010); large uncertainty due to the
unknown LEC.

o Comparison with the exp number gives LECs. But the predictive
power is lost.

o Instead, lattice calculation can be used to fix LECs.
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Chiral extrapolation

 Lattice simulation is harder for lighter sea quarks.
1 (n~2).
q

o Finite volume effect becomes more important ~exp(-m,L)

o Computational cost grows as m

* Practical calculation often involves the chiral
extrapolation. At the leading order, it is very simple:
1. Fit the pseudo-scalar mass with mf, =B,(m, +m,)+ O(mj)

2. Input the physical pion mass m_ ;=135 MeV to obtain
m, ~=(m,+m,)/2. (Forget about the isospin breaking for the
moment.)

3. Renormalize it to the continuum scheme to obtain the value in
MSbar
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NLO example

JLQCD (2007)
, . dynamical overlap (N=2)
Chiral expansion i
2 2 2 - m.=0.015
m=2Bym |14+~ "1 _nMe . M NNLO| U o
! 2 (4ﬂfn) U (4‘7rf7r) s = o o
o LO (linearity) looks very good, but if """‘T:a');";"” """"""""""""
you look more carefully NLO is I S
visible. o g e s e
e mﬂz/mq not constant. o ‘
o Chiral log term has a definite B
coefficient = curvature fixed. _ B
o Analytic term has an unknown £ N
constant, to be fitted with lattice data = \iili
linear slope

0 0.02 0.04 0.06 0.08 0.1
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Chiral symmetry is important!

* So, the realization of chiral symmetry is of crucial
importance for lattice calculations.

« Wilson:
o chiral symmetry is lost: Need modified xPT

« Staggered:

o extra tastes are involved: Need modified xPT

* Domain-wall, Overlap:
o No need, but costly.
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2 Lattice gauge theory

2.4 Controlling the
systematic effects
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Discretization

AT A 443 : -
LR A S
Finest grid Smoother appled \

Need fine grids to approximate the continuum.
What is the necessary resolution?

@ S. Hashimoto (KEK) Sep 2016
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Multi-scale problem

* Players of QCD span between 3 MeV and 5 GeV

o Not feasible (for now) to treat at once.
(Nuclear physics is not considered here.)

~1/m 29 ~1/a’
| LQCD

m, < m._ < N, < m, < m < m,,

~3 MeV ~100 MeV ~ 300 MeV ~1.5 GeV ~4.5 GeV 80 GeV

* Plus, arbitrary momentum scale appear in QFT.

o Physically irrelevant scale can be integrated out; its effects are
encoded in the coupling constant = Renormalization Group.
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Multi-scale problem

* Players of QCD span between 3 MeV and 5 GeV

o Not feasible (for now) to treat at once.
(Nuclear physics is not considered here.)

- 1/m @3 -1/
. LQCD

m, < m._ < N, < m, < m < m,,

~3 MeV ~100 MeV ~ 300 MeV ~1.5 GeV ~4.5 GeV 80 GeV

« Two directions (or both)
< Going to the physical up/down quark masses
—> Fine lattices to directly treat charm (or even bottom)
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Simulation parameters

* Approaching the continuum/physical limit

ETMC '09 (2)
ETMC '10 2+1+1)
MILC '10

MILC '12

QCDSE '10 (2)
QCDSE-UKQCD '10
BMWec '10
BMWc08

PACS-CS '09
RBC/UKQCD '10
JLQCD/TWQCD '09
HSC '08

BGR '10

CLS '10 (2)

0O @ ¢ &= O O ¢ x

X + o @ n

I * T x | ' I
L B
T ° °
600 | x ttta
. o . . ¢
X g+ +
} 0 0:. : °0 1
. q..o¢ = L2
= ><. d.x & B
Z 400 co wal* T
° X x g
E ° L ] a | .. o 'S
- @ o “’i“ oo *o
2 x.’ x...° : !:0
o 0% o 2 S mo
200 ) 8", o °
- [ ] + < | |
X / ° o® t IR °
0 I | | | | |
0 0.05 0.1 0.15
a[fm]
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Discretization effect

* Understood using an effective field theory (Symanzik).

o L® is the same as the continuum QCD.

o LO), L®), ... represent the discretization effects. All possible
operators of that mass dimension may appear.

o All “possible” operators allowed by the lattice symmetry.

(5) — D2 i F violates chiral symmetry;
LY 39 ,uw’ Yo Lyt allowed for Wilson, not for DW/OV

n 2 violates parity; not allowed for lattice
;é s D ,u¢ actions respecting parity
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Discretization effect

* Understood using an effective field theory (Symanzik).

o L® is the same as the continuum QCD.

o LO), L®), ... represent the discretization effects. All possible
operators of that mass dimension may appear.

o All “possible” operators allowed by the lattice symmetry.

o Typically, the O(a) error is eliminated; the leading error is O(a?).
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Continuum 1

BMW (2011)
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Continuum limit

HPQCD (2010)
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Light quark masses

* Computational cost grows
ETMC (2008) for lighter light quarks
I T n T o 1/mq for inversion
~ 7 2001: (m,/m_,)°

: o 1/m_ for integration
: o q
: ‘ 2008: (m,/m_,)* .
3+ | \ - o 1/mq for autocorrelation
|

| * Improved over years
o new algorithms

o new machines

Tflop—years

Now feasible to simulate at

00 02 04 06 08 physical up/down quark masses

mPS/mV

1.0

Sep 2016 121



Light quark masses

* Important because the quark mass dependence could be
non-trivial.
o nearly massless pions may introduce non-analytic behavior.

d*k ] 1 [ m?

2 2
f(2”)4 2 —m? (47)’ A +m”In A%+ Cutoff regularization
- = il g+ —1n47r+1nm—2—1 Di ional
| e 14 7 imensional reg

o m?In m?is called the chiral log.
o After subtracting the UV divergence

2
m, =2Bym,

2 (4 f)’

2 2 2
el Mgy m’; + (const) x —2— + O(m’*)
u (47 f
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Quark mass dependence

BMW (2014)

T T
. N
W O OO LW
Rt e e
- OMMMM™
ol __ ___
1 I I I I I TP B
w0 < AN o oy w0 <t o o)
oy oy oy o N~ N~ N~ N~ w0
- - - - - - - - -

8 10 12

6
am/amP™'s
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Quark mass dependence

RBC/UKQCD, arXiv:1411.7017

0 . 0.180

vl pion decay const kaon decay const

R b

T ié . 0170} i
assf i3 : - @@
. i

!

S =
= "
& ol i -’é o165} @
Nl T O sa; By i) O 821
o140} .
241 0160} 241
() 481 O 481
o1k I\ 641 1 @ 641
' () $2Ifine 0B @ ) 32Ifine
LR S ) 82D : 7 82D
Unitary extrapolation Unitary extrapolation
0 1")8", . 1 1 - 1 1 Olw 1 1 1 1
000 0.005 0.010 0.015 0.0 0.000 0.005 0010 0.015 0020
my (GeV) my (GeV)

Extrapolation to the physical point is non-trivial.
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Finite volume

 Lattice needs to be larger
than the size of nucleon

o c.tf. proton charge radius ~
0.9 fm.

* How large? Associated
error should be carefully
studied.

o Biggest effect would be from
pions.
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Finite volume effect

* Obvious constraint is from the QCD scale 1/Agcp. But it
is smaller than the length scale of pion 1/m_..

* Can be understood again using chiral effective theory.

f d*k 1 92 1
) Qe kK +m*  “Zk+m’

.

o The effect is like exp(-mL).
o Suppressed to sub-% level at mL~4.
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Infinite volume limit

Finite volume: BMW (2011)

0.19— ._
M L=3 M L=4

018 * ) -
0.17} |
Elﬂ .
(4]
0.16 —
0.15 - %
| v | |
0.14 16 24 32
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Heavy quark

* m_ ~1.5GeV, m, ~ 4.5 GeV: not small compared to the
(currently available) lattice cutoff 1/a.

o Compton wavelength is smaller than the lattice spacing.
o Significant discretization effects.

« Still, the relevant scale should be lower for low-energy
dynamics. Some effective theory may be introduced.

o mg>> Aqcp,: Heavy quark effective theory (for heavy-light)
o mg>>mua, : Non-relativistic QCD (for heavy-heavy)

o No wonderful trick for energetic processes.
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Charm and bottom

* Heavy-light (D, B) * Heavy-heavy (J/y, Y)
m =m, + E — = — —
H 0 0g nmy, mQ + m 0 + E 00
o E Qq denotes a binding o Eggdenotes a binding energy.
energy. o Binding energy crucially depends
on mg,.

o Simply calculate the meson
mass; tune mg until my
reproduces the Agho (mqu)-
experimental value. 1]

o Calculate EQq, whose mg » -

. ) - mg L mg
dependence is s.ubleadmg. B ® ~ Q" }Q
Then, my-Eq, gives m,. @ i
(Heavy Quark Symmetry)
L1 |
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* Write the momentum of heavy quark as

p=myvtk -
o v: four-velocity of the heavy quark. | qu |
o k: residual momentum B a9 |
* Heavy quark mass limit: BN
O propagator L
; prmy myy +m, +k ei1+y} 1
pl-my+ie  2myv-k+k’+ie 2 v-k+ie

o Lagrangian
_ - . . . _ —iva-x
Lo=QvD)05 Q) =€ 0.0 . 0i (1990), Bichten-Hill (1990)

o Heavy quark mass drops out from the dynamics
= Heavy Quark Symmetry Isgur-Wise (1989)
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HQET on the lattice

* Discretize the HQET lagrangian

o Assuming v=(1,0): rest frame of the heavy ] ? N
quark .

SQ=EQ+(X)[Q(X)—UI()C—ZL)Q(x—ZL)] EEEN

o Heavy quark propagator becomes a static
color source.

o Heavy-light meson mass: My =M, + E

Calculate £, then, my-E, gives m, up to
Apcp/m corrections.
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Limitation of effective theory

* Obviously, HQET (at LO) ignores the 1/mg
effects.

o Higher order terms can be included. The leading
corrections: H=—

o The coefficients of terms are constrained by the
Lorentz invariance, thus giving 1/2m,.

o But, in the quantum theory they are
renormalized differently, since the Lorentz
invariance is violated by the choice of the - D2 OB
L = - -c
reference frame v*. 2Z,my) P 2AZymy)

o The coefficients (Z, and cz) must be calculated
(non-)perturbatively.

o The same complication arises at every order of
the expansion.
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Heavy quark (conventional)

Heavy-light meson decay constant: HPQCD (2011)

0.35F |

0.30

>
G 025} otk
!;;;_6

|

0.085 fm

|

--------

020 -
mp, mp,
0.15 [ |[)\ | | | s n
2 3 + 5
my, (GeV)

(E) S. Hashimoto (KEK)

Lattice spacing between
a=0.145 fm and 0.044 fm.
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Heavy quark (NRQCD)

HPQCD (2013)
0.55} % ]
T 2 S,/ Mp,
= 030} -
o
=
E 0.45 X .
> I 2 favMz
&
0.40 | ]
¥ Set3 F  Set8
0.35} . . i : Set 6 : 1
0.000 0.005 0.010 0.015 0.020 0.025
a* (fm)
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¢ & &
F T B S
¥ § §&F o 9
FLAG g x‘?‘v & § §,
(2016 S FF
§F&Fsg sé
Collaboration Ref. K T & <« & & Mud M
ALPHA 12 12] A * * b 102(3)(1)
Diirr 11* [132] A * — 3.52(10)(9) 97.0(2.6)(2.5)
ETM 10B 11] A * * 3.6(1)(2) 95(2)(6)
JLQCD/TWQCD 08A [138] A = * 4.452(81)(38)( _*%3,) -
RBC 077 [105] A ] * 4.25(23)(26) 119.5(5.6)(7.4)
ETM 07 [133] A " * 3.85(12)(40) 105(3)(9)
CDSF
SKQCD/ o6 [139] A * * 4.08(23)(19)(23) 111(6)(4)(6)
SPQcdR 05 [140] A o * 4.3(4)(F58) 101(8)(*2°)
ALPHA 05 [135] A O * 07(4)(18)%
QCDSF/
UKQCD 04 [137] A * * 4.7(2)(3) 119(5)(8)
JLQCD 02 [141] A " " 3.223(*89) 84.5(F1%°
CP-PACS 01 [134] A 3.45(10)(*13) 89(2)(*2)*
@ S. Hashimoto (KEK) Sep 2016 135



Leptonic decay constants

f

fKi

fﬁ6201|6|
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Leptonic decay constants

FTAG2016] fo st

FLAG average for N, =2+1+1
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Strong coupling constant

FD’((;QOIG

Ll
FLAG estimate

PDG nonlattice average

T
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3. Application to particle
phenomenology

3.1 Use and limitation of
perturbation theory

(E) S. Hashimoto (KEK) Sep 2016
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Perturbation theory?

* One can treat only plane wave of quark/gluon field as
the initial/final states, and not hadrons. What can we
calculate, then?

 For instance, the sum of all possible final states.

_o(e’e” — hadrons) Eq o(e’e” —>qq)

R
oe'e =uu) olee =»uu)
a
=3 N+ =2+ 0(a’
;Qq{ “ 0 S>}

o They must be quarks, initially. They then hadronize, and the
cross section must be the same. = Quark-hadron duality (which
is an assumption).
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Optical theorem

 Unitarity of scattering amplitude

S S=1+iT
. [=S'S=(I-iTHYU+iT)=1+i(T-TH+T'T
s — T'T =2ImT

/” ™~

cross section (sum of final states) imaginary part of e'e™>e"e”

o No hadrons in the initial/final states. Perturbation theory can be

applied.

o Isit true? The internal states are hadrons.
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Quark-hadron duality

[assumption] cross section for hadronic final states can be
calculated using quarks.

* The key is the sum over final states... a smearing

Poggio, Quinn, Weinberg, PRD13, 1958 (1976)

A foo R(s" higher orders become

R(S,A) =— | ds .
707 (5=s) +A? important near resonances

=Lf0°°ds'R(s')( b1 )

27Tl s—s'+iIA s-s'-IA

= 2%[H(S +IiA)-TI(s - iA)]

may avoid resonances; perturbative
expansion is convergent.
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Quark-hadron duality

[assumption] cross section for hadronic final states can be
calculated using quarks.

* The key is the sum over final states... a smearing.
* Need sufficient smearing to avoid the resonance effect.

7 [ T I T T T I I A T T I T T T T I T T T T |
E J/"d) ’(/J(ZS) d)uea C E

6 A Mark-I =
- Mark-T + LGW ” .

- ® Mark-II e .
R 5 - e PLUTO =
u DASP .

4 [ r Crystal Ball -
u | % BES =
sE '. | | E
SRR LA :
20 T E
— | l L | 1 | -

5

3
(E) S. Hashimoto (KEK)
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Charmonium correlator

* Theory vs exp, through moments

1
n!

(aiqz)n (I(q*)) o =

) &(

@ WAA . (KEKARBFXK)

1
2
127TQf

1
Sn+1

/ds
-

]z(s)e+%r‘—+ hadron

T | T n
¥(25)
A MarkI
Mark-I + LGW
® Mark-II
e PLUTO
DASP

201659 H15H
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Charmonium correlator

* Moments on the Euclidean lattice
. 1 0 " 1qt 4 2n
z/dxm (8—qz) el — a Z,B:t
o Simply constructed from the correlators

G, (1) =a® ¥ (0] (x,1)j,(0,0)|0), G, =Y (t/a)" G, ()

t

o Gy(t) represents a J/y correlator, ~exp(-my,,t), plus its excited
states, continuum, etc.
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Charm quark mass

o Method developed by HPQCD/Karlsruhe (2008~)

Lattice Pert to o>

(exp)
SR e waw)
2aii (1)

o Determine two parameters with the equation of several n.

o Use the pseudo-scalar channel. Exp data do not exist, but the
correspondence between lattice and perturbation theory is valid.
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LHS: continuum limit

15— . i
E‘v
£ |
Eﬁe1.4- R -
+ [ 8 L . N o B .
s [ .
+ i ]
=13} rRlO .
T — .
& 12} i
LX) E— 3 L
a“[GeV™]
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RHS: truncation error of purturbative expansion

=

0912F mMS(u) 1

2
s’v‘
% 0910} :

' | truncation

[ | error

0908 5 0~——=25——30 35 40
u[GeV]
Included up to O(ad).

Also included the variation with p, # .

BAE . (KEKABIFKR) 201649 H15H
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0.35

0.30/

3 GeV)

0.25

X (ﬂ =

0.20!

0.15!

@ WAA . (KEKARBFXK)

fe — — o ———— - — g — s ————— ———— —— -

e e e e e e e - - - e e o ol PR ) &, W— (R I ——

Determine

m (p), ag(w), <G>
with 3 moments.

a (M) is consistent, but its
error is not competitive.

m (3 GeV) = 1.003(10) GeV
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Errors

pert t(lj/ > stat O(a*)  vol m,P disc EM

m.(3GeV) [GeV]  1.0033(96) | (77) | (49) (4 (30) (@) | 3) @) (6
s (3CeV) 0.2528(127) | (120) | 32) (2) (26) (1) ] (0) (0) (1)

Dominant = truncation of lattice scale discretization effect
perturbative expansion Aa ~ 1%
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—o— HPQOCD 14
——— ETM a 14
ETM b 14
This work
Maezawa et al 16
@~ HPQOCD 10
—@— HPQOCD 8
——— ¥ QCD 14
® ! ALPHA 13
—e— ETM a 11
ETM b 11
PDG

1.25 13 1.35 14 1.45 15
m(m)

W=2+1+1
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3. Application to particle
phenomenology

3.2 pion and kaon physics




Chiral symmetry breaking

* U, d, s quark masses <300 MeV
o Spontaneous symmetry breaking SU(3), xSU(3),=2>SU(3)y
o T, K mesons = Nambu-Goldstone bosons

 Effective theory = chiral perturbation theory

L =f—2Tr(D UD“UT)+§T1"(mUT +UmT),
4 “ 2

2

.__a_.a
U =exp — 3T+ R 1 gr ] A—o
f ™ — BN + 7 78 K
vaoo vb
- - 92
1\ I\ 0 — —,Enb

o Interactions of pions are restricted by symmetry.

(E) S. Hashimoto (KEK) Sep 2016 156



Chiral perturbation theory

* Expansion in terms of pion momentum and mass

1 2 2
L,=—0,79" 7" M gy m”2 (7'7")
2 2 24 f

1

b a7 ) - (YD 7 ) .

o Derivative couplings: more reliable for small momenta

o Loop integral induces higher dimensional Ops (non-
renormalizable)

o Systematic expansion is possible. More parameters (Low Energy
Constants) for higher orders: #L.O = 2, #NLO = 10. Need to be
determined elsewhere.

Validate LQCD, and determine LEC.

(E) S. Hashimoto (KEK) Sep 2016 157



Consistency with xPT

* Quark mass dependence
BMW (2011)

| ! T T 2.8 T T T T

0.055

T
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0.045
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| L 1 s | L
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ud am,4

1 M? 17 M?\2
M,%:Mz{l —I—;XII]F—I—?.XQ(IIIA—Z) +x2kM—|—O(x3)}
-8 M x=M?/(4nF)?

M? 5 2 M?\2 2 3
Fy—F {l—xlnA_g_Zx (mA_%) Xk O 00 M2 = B(my+-my)
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Consistency with xPT

* Quark mass dependence
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NLO and NNLO need to be included to describe the lattice data.
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Light quark mass

* (QQuark mass can be extracted.
o So far, the bare mass on the lattice.

o Pole mass doesn’t make sense (perturbation theory doesn’t
converge).

o Common definition is the MSbar (at 2 GeV); Renormalization
factor needs to be calculated.

m(2 GeV) = Z, (2 GeV, 1/a)m!?*

Using perturbation theory, or partly non-perturbatively.

(E) S. Hashimoto (KEK) Sep 2016

160



Renormalization

* Use some intermediate scheme to match to MSbar.
o Ex. RI/MOM scheme, for quark vertex

Zy 1

11 E
Z, 7 a3 v, ] =1. —Tr [—I—S 1(p)]

z, 12

T T T T T T I

o) 1 RBC (2010)

o SMOM

Y
[=2])

-
0
5

Z_(MSb 2GeV)
LI e B B e
|
|
||‘|
".
|
|
|
|
ORI T N ST T T

(pa)®
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FLAG average for N=2+1+1

HPQCD 14A
ETM 14
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RBC/UKQCD 12
PACS-CS 12
BEMW 10A 10B
PACS-CS 10
HPQCD 10
RBC/UKQCD 10A
Blum 10
PACS-CS 09
HPQCD 09A
MILC 09A

N¢=2

T g
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Vainshtein 78 158
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FTAG2016
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~ FTAG2016 M/ Mud

L} T L T L

FLAG average for N=2+1+1
FNAL/MILC 14A
ETM 14

NN |

01

i

Ni=24+1 Nf=241+

FLAG average for N=2+1

RBC/UKQCD 14B
RBC/UKQCD 12
PACS-CS12
Laiho 11

BMW 10A, 10B
RBC/UKQCD 10A
Blum 10
PACS-CS509
MILC 09A

MILC 09
PACS-CS08
RBC/UKQCD 08
MILC 04, HPQCD/MILC/UKQCD 04

FLAG average for Ne=2

ETM 14D
ETM 10B
RBC 07

ETM 07
QCDSF/UKQCD 06

S[ERN,

.{*

PDG 151
Oller 07 162
Narison 06 15

Kaiser 98 163
Leutwyler 96 164
Weinberg 77 161

22 24 26 28 30 32 34

@ S. Hashimoto (KEK)

Sep 2016

164



Pion charge radius

e EM form factor

(P(P)|JulP(p)) = (p+7), F(t), t=(p—7),
2 _ 1 - 1
J, = 3 UTutt — §d'y#d — 35WS;
o Charge radius
OFL(t)
NP _ Vv
(T' )V = 6 It tzo,

o Vector meson dominance

1
Fv(t) = 1+ t/m%/
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Pion charge radius

* Three-point function

Ckv,D(ta,ty; B) = Y _(Ok (tz, ©)Vu(0)O} (ty, 7))e P2

T,y

o inserting complete set of states,

1 —mp.tz—Eg . (P)|tyl
CKV#D(t:Ea ty;ﬁ) = Z & ! J X
-7 2mp;2EK;(P)

x(0|Ok (tz, )| K; () (Ki(7)|Vu (0)| D (0))(D;(0) |0}, (0)[0)
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Pion charge radius

* Charge radius

T wbeean o] | ap _  OFED)
i o m =0080 1 (v = By ;
:% n m‘=0.060 i t=0
— 0 {?--i o (ml._ph:a'mwhyr) .
GO + experment ]
£ [y . - NLO
v o3 i s
0.2:— -
g JLQCD (2015)

e = L B (%) ek, 1o
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Pion charge radius

HPQCD (2015)

1.2

1 1 1 1
=+ expt, NAT7
1.1 | expt fit -
H3H Vvery coarse
1 | ¥ coarse
— k4 fine
= g9 L — lattice fit
0.8 | [ I T‘IJ
0.7 |- {H ¥ i

0.6 L1 [ 1 1 1 1
-0.25 -02 -0.15 -0.1 —-0.05 0

q° [GeV?]

at the physical point
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PACS (2016)

0.5+ ' l ' I ' | ' =

. % experiment :

0.45 — * A HPQCDN=2+1+1 HISQ | _

T v RBC/UKQCD N=2+1 DWF| |

' ¢ PACS-CS N=2+1 Clover

04 ETMC N=2 TM s

- O JLQCD N=2+1 Overlap -

= - ® this work |
= 0% FLAG(2015)

YT 3 |

0.3+ _

0.25 - % T _

0.2 _

4' L | L l 1 | ! | -

0 0.1 0.2 0.3 0.4

m-(GeV?)
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TTt scattering

* Scattering length a,
ag ~ tando(k)/k

1

tando(k)

4 1

A

1
s P — k? (p, =n-(2r)/L)

- SC. phase shift in infinite volume

- LUscher’s formula

o Allowed energy in a finite box is limited. Contains the info of

scattering phase shift.
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TTt scattering

* Scattering length a,
[=2 channel. ETMC (2015)

n --- LO ChiPT g —— NLO-LO ChiPT
S _ —— NLO ChiPT =
<
O
_ S g
= i °
g = - S
- -
= - -
3 g <
S 7| e A ensembles - ® A ensembles
® B ensembles =4 ® B ensembles
| ® D45 S 7| e D45
&3 _| A extrapolated . A extrapolated
< T T I T T T I T T l
1.0 1.5 2.0 2.5 3.0 1.0 1.5 2.0 2.5 3.0
l‘ffn-/fx AI‘n'/f:r
M? M? M?
™ T ™
M,ag = — {1+—[31n——1—€ (4R = Froh )]}
'y b} 2 79 b} T w,phys
87rf1r 167 f1r ™
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TTt scattering

s
I=1 channel.
Bali et al. (2016)
34
“© w2
n4

600 650 700 750 800 8350 900 950 1000
E,. /MeV
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TTt scattering

2, ™ I=1 channel.
: HSC (2016)

400 500 600 700 300 900 1000 E_. /MeY
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Chiral condensate

« Strength of symmetry breaking

0.006 T T T T T T
JLQCD (2012)
0.005 F - .
0.004 r ]
5
N
0.003 | 2 N;=2+1 lattice =—— -
a 4pt fit
Sptfit e
0.002 6pt fit ]
combined fit (w/ Nf: 3 runs)
. (chira} limit) r|—><—1

0.001 = : :
0 0.02 004 006 008 0.1 0.12

Hl”d

3M2 | M. 32LM:
22 hl 2 + 2
32n°F u F
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FLAG

Chiral condensate

2016

21/3

-+

e

—+

T
FLAG average for Ne=2+1+1
ETM13

Ne=24+1+1

Ni=2+1

FLAG estimate for N;=2+1

RBC/UKQCD 15E
RBC/UKQCD 14B
BMW 13
Borsanyi 12

MILC 1
%CD 10A

RECC
{l 09A SU3)~fit

MILC 09A, su2)~fit
MILC 09
T\ggCD 08
LQCD/TWQCD o8B
BC/UKQCD o8

N¢=2

A
{1
T

~+

FLAG estimate for Ny=2

Engel 14
Bra%?dt 13

D 11A
LQCD/TWQCD 10A
ernardoni 10

LQCD/TWQCD 07A

200
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FLAG averages

Flavor Lattice Averaging Group 3, arXiv:1607.00299

|Qua.ntity |Sec. ” N;=2+1+1|Refs. ” Ny=2+1 | Refs. " Ny =2 |Refs. |
ms[MeV] 3.1.3 ][ 93.9(1.1) [4, 5] 92.0(2.1) [6-10] 101(3) [11, 12]
myg[MeV] 3.1.3 || 3.70(17) [4] 3.373(80) | [7-10, 13] 3.6(2) [11]
Mg/ Myg 3.1.4 || 27.30(34) [4, 14] 27.43(31) | [7, 8, 10, 15] 27.3(9) [11]
my[MeV] 3.1.5 || 2.36(24) [4] 2.16(9)(7) | * 2.40(23) [16]
ma[MeV] 3.1.5 || 5.03(26) [4] 4.68(14)(7) | 4.80(23) [16]
my/mg 3.1.5 || 0.470(56) [4] 0.46(2)(2) |* 0.50(4) [16]
m.(3 GeV)[GeV] | 3.2.3 || 0.996(25) [4, 5] 0.987(6) [9, 17] 1.03(4) [11]
me/m; 3.2.4 || 11.70(6) [4, 5, 14] 11.82(16) | [17, 18] 11.74(35) [11]
() [GeV] 3.3 || 4.190(21) 5, 19] 4.164(23) | [9] 4.256(81) [20, 21]
f+(0) 43 [ 0.9704(24)(22) | [22] 0.9677(27) | [23, 24] 0.9560(57)(62) | [25]
fr+/frt 43 || 1.193(3) [14, 26, 27] || 1.192(5) [28-31] 1.205(6)(17) [32]
frt[MeV] 4.6 130.2(1.4) | [28, 29, 31]
frc+[MeV] 46 || 155.6(4) [14, 26, 27] || 155.9(9) [28, 29, 31] 157.5(2.4) [32]
L3 MeV] 5.2.1 || 280(8)(15) [33] 274(3) [10, 13, 34, 35] 266(10) [33, 36-38]
Fx/F 5.2.1 || 1.076(2)(2) [39] 1.064(7) [10, 29, 34, 35, 40] || 1.073(15) [36-38, 41]
2 5.2.2 || 3.70(7)(26) [39] 2.81(64) [10, 29, 34, 35, 40] | 3.41(82) [36, 37, 41]
ly 5.2.2 || 4.67(3)(10) [39] 4.10(45) [10, 29, 34, 35, 40] | 4.51(26) [36, 37, 41]
g 5.2.2 15.1(1.2) (37, 41]
Bk 6.1 || 0.717(18)(16) | [42] 0.7625(97) | [10, 43-45] 0.727(22)(12) | [46]
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Ne=2+1+1

Ne=2+1

mc320116|

fie2

I

FLAG average for Ns=2+1+1

ETM 14E
FN%IE{MILC 14A
HPQCD 13A
MILC 13A

ETM 10E

i
Qia ]

B

]|

FLAG average for Ns=2+1

RBC/UKQCD 14B
RBC/UKQCD 12A
Laiho 11

MILC 10

MILC 10
JLQCD/TWQCD 10
RBC/UKQCD 10A
PACS-C
jLQCD/TWQCD 09A
MILC 09A

MILC 09A

MILC 09

MILC 09

Aubin 08

——{1+— PACS-CS 08,08A

RBC/UKQCD 08 }

—

HPQCD/UKQCD 07
MILC 04

]+

FLAG average for N;=2

ETM 14D

TWQCD 11

ETM 09
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-

A
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A
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FLAG averages

Flavor Lattice Averaging Group 3, arXiv:1607.00299

Quantity Sec. || Ny =2+1+1 | Refs. Ny =2+1 | Refs. Ny=2 Refs.
7pMeV] 7.1 || 212.15(1.45) | [14, 27] || 209.2(3.3) | [47, 48] 208(7) | [20]
fp.[MeV] 7.1 || 248.83(1.27) | [14, 27] || 249.8(2.3) | [17, 48, 49] | 250(7) | [20]
fo./fp 7.1 || 1.1716(32) (14, 27] || 1.187(12) | [47, 48] 1.20(2) | [20]
777(0) 7.2 0.666(20) | [50]
fPK(0) 7.2 0.747(19) | [51]
78MeV] 8.1 186(4) 2] 192.0(4.3) | [48, 53-56] || 188(7) | [20, 57, 53]
£B.[MeV] 8.1 || 224(5) [52] 228.4(3.7) | [48, 53-56] || 227(7) | [20, 57, 58]
fs./f8 8.1 || 1.205(7) [52) 1.201(16) | [48, 53-56] || 1.206(23) | [20, 57, 58]
18, \/ Bg,[MeV] | 8.2 219(14) [54, 59] 216(10) | [20]
f5.\/Bs.MeV] | 822 270(16) | [54, 59] 262(10) | [20]
Bg, 8.2 1.26(9) [54, 59] 1.30(6) | [20]
B, 8.2 1.32(6) [54, 59] 1.32(5) | [20]
¢ 8.2 1.239(46) | [54, 60] 1.225(31) | [20]
Bg,/Bg, 8.2 1.039(63) | [54, 60] 1.007(21) | [20]
Quantity Sec. Ny=2+1land Ny=2+1+1 Refs.
al(Mz) 9.9 0.1182(12) [5, 9, 61-63]
A [MeV] 9.9 211(14) [5, 9, 61-63]
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3. Application to particle
phenomenology

3.3 nucleon properties
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Nucleon form factor

* Matrix elements (vector)

1/2
(NG )| [N (o)) = | T T(p', 5| 1" (g + L2 Fy(g) |u(p,s)
’ ’ | ’ 1 2 ’
E,(p)E,(p) My
o Electromagnetic form factors
2
G (a®)=F (a*)+ q F (a2
(@) =F(q") —(2mN)2 (")
Gy(q")=F(q)+F(q") =TT
(Zr,t7) @ — | — o (Ti.ti)
~ -
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Nucleon form factor

* Matrix elements (axial-vector)

1/2

u(p',s’

2
m

N qMYS
E,(pHE,(p)

my

G,(q*) |u(p,s)

yMySGA (qz) +

<N<p',s'>|Aj|N<p,s>>=§

o axial charge g, = G,(0)
* Well determined experimentally through the beta decay.
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axial charge g,

* A benchmark of lattice QCD calculation

L4 + 7 RQCD 4\!):2
RQCD N +1

ETMC N 1
'Mmtra N

LHPC ,\j
RBC/UKQCD N
CDSlg

Ch N’
PNDME N, —
NM J\‘j
PACS N7

1.3 |

1.2

el e e Ll 0511

e e I

[ +I| =l Il
SRS = o S Rt

1.1

=tH1itiottts

¢

09 ~ | | | |
0 0.05 0.1 0.15 0.2 0.25

m? |GeV?]
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Ground state?

Mainz (2016)

F6: (3.0 fm)?, a'=3.13 GeV., mﬂ=0.324 GeV F7: (3.0 fm)?, a'=3.13 GeV, mx=0.277 GeV

L L L R R B R L L L

| S ] 1af = :

B ® Smeared sink 1 B ® Smeared sink i

¢ Point sink b L e Point sink -

3 ’ - = -

- * 1.3 —

— 1.4f 1 =" 0 ]
> - T > -
8 3 = 4 (5] -
e I = 9 1-2 -
< 13 O I =

-~ . I' ] -~
¥

3 II a l.l L
§ gl

] I :

1 l- P B B SR S R S b

0 0.5 | 1.5 0 0.5 1 1.5

t [fml] t [fm]
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Ground state?

140 F7:(3.0 fm)3 , a” ! =3.13 GeV, m_ =0.277 GeV Mainz (2016)
§ t/a=24
135} ¥ t/a=21(
§ t/a=19
130+ it a=1T7H
§ t/a=15
125} [| § ¢t/a=13}
- 2Tl A =T
o 1207 ,1‘ | ]
[ 3¢ 3
1.15} AL L
s glileldts
1104 %i Hil[ 41
1.05F
M0% -y 0.0 0.5 1.0
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Finite volume?

Bali et al. (2014)

128 F T T T T -
124 -
1.2 - n -
116 | -
1.12 1 i 1 1 m,,mML‘v' —
1.% - || || 1 || -
124 -
Sy [ ’ "
112 | oo , Mox - 290 MV -
1.% - 1 | | | -
124 F -
12 | -
16 | # _
1.12 — 1 1 1 m"! 160 MoV —
2 3 5 i 7
Lm,
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Proton charge radius

< 25 — 2P, From
— »s—2r, | | Hill @ CONF12

- 25 —2P;
L < o 28 — 45_%
. 28 — 4D
" 4 28 — 4P_§
. 25 — 4P,

. 25 _ 65 } hydrogen

,—— 25 — 6D spectroscopy

—— 28 — 85_%
it 28 — SD%
—— 28 — 8D

———t — q - .

—o i 3? - gg’f Arrington, Sick
* 1535, | ] 1505.02680
muonic | —— Mainz data| |electron-proton
hydrogen ) other world data scattering
et electron combination CODATA
I | l | | 1 1 l | 1
0.8 0.9 1 1.1
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Proton charge radius

Isovector form factors

1’2 T T T T T
— — Experiment
B ETMC my~ 130 MeV
1.0i § LHPC my,~ 150 MeV
\ & PNDME, m.~ 130 MeV
PACS, mp~ 145 MeV
08} -
& P 1
g" 0.6} .ﬁ -
aa
o : a
04} f %*\ii -
Lo 3§
02t %% “EL__ '

0'8 0 0.2 04 0.6
Q? [Gev?]
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From Alexandrou @ CONF12

s

- l,?{\'gii_

u
3 [ ]
$

Experiment

ETMC mp =~ 130 MeV
LHPC, mpo= 150 MeV
PNDME, m, =~ 130 MeV

PACS, my =~ 145 MeV

L t- .“ - .
.0 0.2 04 0.6 0.8 1.0 1.2
02 [GeV2)
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Proton charge radius

NOT precise enough...

From Alexandrou @ CONF12

- PNDME ' ¢ l
My =220 =310 MeV

i Mainz
My = 193 —473 MeV

- LHPC, m, =~ 150 MeV —e—
ETMC - prelim.
- —t———
my =~ 130 MeV g
5
=1 O
o

PNDME ]
My =220 =310 MeV

_Mainz
My =193 —473 MeV

| LHPC,
M ~150 MeV

ETMC - prelim.
my =~ 130 MeV

=%}
1 1 1 1

0.3 04 05 06 07 0
(r¢) [fm2]
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Axial form factor

e Similar calculation

1/2

u(p',s’

2
m

E,(pE,(p)

q.Y
v.7sG,(q*)+ 2“ >

(N(p',s"|A;|N(p, )>—— G,(q*)|u(p,s)

my

 Traditionally, use the dipole form to fit the exp data

2 gA oy _ 12
(Q ) (1+ )2 (rA> — MA2

o M, ~1GeV.
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Axial form factor

Preliminary results on F7 m, = 277 MeV, a =~ 0.063 fm

L — Exporkosst ¥ scatteritg Mainz (2016)

¥ Semeaticn

Two-tate
\ I

IR

a

G,(Q")
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Sigma term

0q = me((N|gq|N) — (0[g4]0))

* Relevant to the dark matter detection, it DM couples to
the scalar current.

¢ Feynman-Hellmann theorem I
0

mq(N|qq|N) = mqgo—mn " "

('?mq
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Sigma term

Direct From Collins @ Lattice 2016
0.3 — , , | i
0.25 + i —
— 0.2 L i
% i '
9.0 15 -
<
B 01 L 0 i
L RQCDN;=2 +—m— |
0.05 ﬁ XQC[C)eN —5+1 e
ETME N =2 A
. | . ETMCN,«—Q+’1|+1 -
0 0.05 0.1 0.15 0.2 0.25

m?2 [GeV?|
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Feynman-Hellmann

Sigma term

! I I I

1200

1100

1000

My [MeV]

BMW (2016)

m&fl [MeV]
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Strange quark content

JLQCD

Thomas and Young
BMW-c

Shanahan et al.
QCDSF

Ren et al.

JLQCD

Lutz & Semke
Jung

Junnarkar & Walker-Loud
Lutz et al.

Ren et al.

BMW-

PACS

QCDSF

Freeman and Toussaint
Freeman and Toussaint
ETMC

Engelhardt

LQCD

xQCD

xQCD

ETMC

RQCD

2008
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Structure functions

Deep Inelastic Scattering (DIS)

Cross section

o~ LW,

W =i [ e (N|T{7" (@), 7 (O)}N)

structure functinos

¢V ' y .02
W {;u}(l (-2 )_ ( Nz + [:11 )F (l Q2)+(I7j __2q )(pu_’_?qu) F2(l Q )
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Structure functions

Moments:

2/(11 " R (2. Q%) = Z qu,J,(l‘ r(72 g(p)) (="

g=u.d

/ dea" 2P, Q%) = 3 e (u?/Q% g () (2",

g=ud

can be written in terms of matrix elements of

|
’ -— —
A - - »
Ol = () O D+ Dy 4= trace
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Structure functions

From Lin (2010)
| RBC2+1f  LHPC2+1fa |
0.5}
- oRBC 2f ( X) QCDSF 2fo
' oRBC 0f q QCDSF 0f o |
041 LHPC—SESAM 0f
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Summary
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History

40 years of LOCD
1974 K. Wilson’s seminal paper

1980s Early numerical simulations. Sea quarks were
ignored in most computations.

1990s A lot of technical improvements, still quenched.
2000s Dynamical quarks are attempted, still too heavy.

2010~ Low-lying hadron spectrum (+ some other “easy”)
quantities are okay.

And, next 10 years

2016~ LQCD as a tool of precise computation of the
Standard Model
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Challenges, not covered

. QED
o Needs to be included to go below 1%.
o Non-trivial due to long-range force. Some attempts already
exist. No generally applicable method.
* Multi-body systems (scatterings, decays, exotics)

o Needs dedicated theoretical framework to connect Euclidean
correlation function to the physical quantities. Exists for two-

body.
o Alot of attempts. Works for simplest system (I=2 mtm).
* Topological quantities

o Non-trivial to define the topological charge on the lattice. Easier
on sufficiently fine lattices, but then the topology freezes.
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Challenges, not covered

 Finite temperature
o Phase transition is not easy to identify on finite volumes.

o A lot of studies have been done. Consensus is a “crossover” for
2+1-flavor QCD.

o Non-trivial when the topology is relevant.
* Finite density

o Sign problem: MC doesn’t work.

o A lot of attempts without full success.

o Related to a problem of statistical noise.

(E) S. Hashimoto (KEK) Sep 2016 202



Summary

Not a comprehensive lecture. Some feeling about QCD and
its numerical simulation.

* QCD is simple, but non-linear.

* Rich structure
o Asymptotic freedom
o Confinement
o Chiral symmetry breaking

« Lattice QCD: Non-perturbative calculation of QCD has
become feasible. Now, a precision physics.
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¥¥-QCD

EHTER

« BT QCDDOFHANEZETTIX TS
s BEiRDOAL LTy PELTIREARLDOPLEN

e AdS/CFTX})taTCE

LN Bl & — DGRBS, ZDN

ERT-QCDDOBEBRRE R ZHZ TIE L,

« BFQCDOER ¥ B+ FHPHENZTN TOMNE
T E R Z D F2u,

« BRFQCDERORIMARFHM(ZZAEY I 2 L—F5HH?)
EZFNIZ L > THIIThhIH 5l
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EHTER

FEhr &£ QCD

e BTQCDALHCHBETO N Fu L Blgzxt LTIz
VO TWABD, Tz Vo TWARSFDOHFHMZEID 12
A%

o g 2D R )L —7DOHFEBRED AV J

« Onbb OXITHER (EDRTFELPERIIPH>TDOIZEN
HWVWEZHRON?)

o PPEPEE L ORI b HIIFTE X TIET LY,
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